A hardware setup has been developed to study slewing control for flexible structures including a steel beam and a solar panel. The linear optimal terminal control law is used to design active controllers that are implemented in an analog computer. The objective of this experiment is to demonstrate and verify the dynamics and optimal terminal control laws as applied to flexible structures for large-angle maneuver. Actuation is provided by an electric motor while sensing is given by strain gages and angle potentiometers. Experimental measurements are compared with analytical predictions in terms of modal parameters of the system stability matrix, and sufficient agreement is achieved to validate the theory.
Introduction
HE operational success of the NASA Space Shuttle has T prompted plans to launch deployable or erectable spacecraft such as the space station, large antennae, etc., which are much larger and more complex than today's spacecraft. One essential characteristic of these space structures is that their structural frequencies fall within the bandwidth of required control systems for fine pointing and retargeting. Questions thus arise as to how to control such large flexible space structures. There are a variety of theoretical approaches to control flexible structures. Experimental validation of control laws, however, has progressed more slowly. References 2-6 offer examples of laboratory implementation to either validate theoretical control concepts for practical application or determine the reason for difficulties and ineffectiveness in control strategies. The experiments in Refs. 2-5 were performed to actively damp vibrational motion of flexible structures. A hardware experiment for maneuvering a flexible beam from one angle to another was first reported in Ref. 6 , using an open-loop control method. Yet a large-angle maneuver of flexible structures using closed-loop control methods has not been successfully demonstrated experimentally.
The objective of the present experiment is the demonstration of slewing flexible structures in a single axis while simultaneously suppressing vibration motion by the end of the maneuver. The single-axis slewing experiment is designed to verify theoretical analyses concerning application of modern control methods to the control of flexible structures. The linear optimal control algorithm with terminal constraints in finite time presented in Refs. 7 and 8 is implemented on experimental hardware via an analog computer. The procedure for this experiment involves several distinct steps. First, a structural model is developed, including a rigid body rotation and a finite number of assumed modes. Second, a controller is designed, including actuator and sensor dynamics to simulate the closed-loop response. Third, the control lhop is im- Received Oct. 21, 1985; revision received March 10, 1986 . This paper is declared a work of the U.S. Government and is not subject to copyright protection in the United States.
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plemented on an analog computer that is interfaced with the experimental apparatus. Fourth, the slewing control algorithm is tested. 
Experiment Setup
Two different test models are used for experimental validation (see Fig. 1 ). The first is a 3.3-ft-long steel beam with a cross section of 3 in. x 0.032 in. The second is a 12.8-ft-long solar panel (aluminum/honeycomb) with a cross section of 2.1 ft x 0.13 Both models are instrumented as shown in the sketch of Fig. 1 . The instrumentation consists of three fullbridge strain gages to measure bending moments and two angular potentiometers to measure the angle of rotation. The strain gages are located at the root, at 22% of the beam length, and at the midspan. They are calibrated by straining the beam to a known value to obtain the conversion factor. The calibreated value is very close to the calculated value based on the specification sheet. Each model is cantilevered in a vertical plane and allowed to rotate in the horizontal plane by an electric motor. The analog signals from all four sensors are amplified and then monitored by the analog computer and data acquisition system. For further analyses, the data are filtered to remove any frequency components above 50 Hz and then digitally stored. The analog computer closes the control loop and generates a voltage signal for the motor through a voltage amplifier. Two limit switches are also used to limit the angle of rotation in each model to avoid system damage.
System Dynamics
The design of an active controller begins with the construction of a mathematical model of the system to be controlled. The model describes the major features of the real system, including the dynamics of the beam and the actuator, and measurement characteristics of sensors.
The generalized Hamiltonian principle is used to derive the equation of motion, i.e.,
where the virtual work of a dissipative torque 7 applied at the root of the beam is given by 6 W,,, = -768
and tf and to represent terminal time and initial time, respectively. To solve the distributed parameter system, consider the discretization in which 4l ( x ) are known shape functions of the spatial coordinates linearly independent over the domain O s x s t , qi ( t ) are unknown functions of time t , and n is a selected integer.
Hence, the variation of the bending displacement has the form 
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where is an n x n identity matrix and w2 is a diagonal matrix with elements W , as the frequencies corresponding to the shape functions +,.
where both e, and 0 are time-varying quantities. This is the torque available for maneuvering the beam. Now, substituting Eq. (18) into Eq. (8) provides
Actuator Dynamics
The actuator used in this experiment is a dc electric motor, with a gear train and electromechanical brakes, which is modified for vacuum application.l5 The electric motor can be modeled as a standard armature circuit as shown in Fig. 2 .
Denote the armature resistance by R,, the armature inductance by La, the back-EMF (electro-motive-force) constant by kb, the armature current by i,, and the motor shaft position by Om. Application of Kirchoff's loop law to the armature circuit yields e, =R,i, +L,i, i -kbdm (14) where e, is the applied voltage to the armature. The motor torque 7 , from the motor shaft with the motor torque constant k, can be written as
The torque T, will accelerate the motor, overcome the geartrain drag, and provide the torque to drive the beam. The motor dynamics thus become where I, is the motor and gear-train inertia, c, is the geartrain viscous drag coefficient, and 7, is the available torque from the motor shaft for the beam.
A gear train transforms power from the motor shaft to the output shaft while maintaining a definite ratio (overall gear ratio) between quantities such as position angle and torque.
Let Ng denote the overall gear ratio. Quantities at the output shaft are related to those at the motor shaft by 7 = Ngra,
Note t h a t t h e m o t o r electrical time c o n s t a n t 
Measurement Characteristics of Sensors
The rotational angle is measured by two 10-turn rotary potentiometers connected in a bridge circuit.16 One of the potentiometers is connected between the fixture holding the motor and the motor output shaft. The other potentiometer is used to balance the circuit output at the desired null position. The basic bridge circuit provides a method for making accurate measurements of dc voltage that is proportional to the rotational angle. Let ep be the output voltage of the bridge circuit. The rotation angle and the output voltage are then related by 
where cp is the conversion factor that can be obtained by calibration.
The bending moment is measured by strain gages.I7 Strain is the measure of the change in length of the fibers for the bending deformation. The bending strain of the beam outer fibers is given by the relationIs
where h is the half-thickness of the beam. Note that y,xx is proportional to the bending moment for small deformation. Substitution of Eq. (6) A strain gage is a transducer that senses the amount of strain by a change in electrical resistance of the gage during mechanical deformation. As a rule, the strain gage is used in conjunction with a dc bridge that provides accurate voltage indications of small changes in gage resistance (Le., strain).
Denote the input voltage to the dc bridge by 4 and the output voltage by e,. The strain and the output voltage with four active circuits arms are then related by
where G is an empirical gage factor obtained from the manufacturer's specification or by calibration and c, is a conversion factor between the strain E and the output voltage e,.
Combination of Eqs. (23) and (24) 
Optimal Terminal Controller
The control design used in this experiment is the optimal ter- 
and
be a stability matrix. The feedback law for t o s t < t f that minimizes the cost function J with constraints is
where the transient feedback matrix Z,(t) and the terminal feedback matrix S, ( t ) satisfy the following equations:
respectively, subject to the terminal conditions Z,(tf) = -P;' +P&'CTHTWHCP&'
and The solution of Eq. (34) subject to the boundary condition (36) is given by
where Z,, satisfies the algebraic Lyapunov e q~a t i o n~.~
For the system with assumptions as in this paper, the transient feedback matrix Z; ( t ) exists for to 5 t < tf.
Combination of Eqs. (35) and (40) then produces
The preceding results lead to solutions for the control law (33) with any given state and terminal constraints. First, obtain the solutions P,, , Z; ( t ) , and S, ( t ) , respectively, from Eqs.
(31), (40), and (41) at any time t,~tt~Substitution of these solutions into Eq. (33) will then determine the control input Observation of Eqs. (40) and (41) reveals that the timevarying matrices-Z; ( t ) and S, ( t ) essentially depend on the stability matrix A and the time period t,-t. The more asymptotically stable the matrix A , the smaller the magnitude of the entries of these time-varying matrices. In other words, the time-varying matrices 2; ( t ) and S, ( t l become less important when the eigenvalues of the matrix A move farther to the left in the complex plane. The control input e, ( t ) in this case will then be determined essentially by the constant square matrix P,, until time closely approaches tf. Equations (31) and (32) imply that proper selection of the weighting-terms Q and R will give the desired eigenvalues of the matrix A . Therefore, the weighting matrices Q and R play a major role in determining the relative importance of the constant feedback and the time-varying feedback shown in Eq. (33) where the vector g,, is the steady-state constant gain for the output measurement vector e. This is equivalent to an output feedback law. Note that other methodslg may be used to compute the output feedback gains, particularly when some inequality constraints are imposed.
It is generally inadvisable to differentiate a measurement signal because noise effects are greatly magnified. However, if the gains for the differentiated signals are significantly smaller than those for the measured signals, they may be neglected without degrading the performance of the control law. Observe that differentiation of signals from the potentiometer and strain gages provides the angular velocity and strain rates. Feeding back velocity information basically provides damping for the system. The amount of overall damping for a control system is determined by the performance requirements including the terminal time, the pointing precision, etc. When a significant amount of damping already exists in the system through sources such as the motor back-EMF to satisfy a specified performance requirement, the velocity feedback becomes insignificant for a controller design. Indeed, with the aid of the damping term d in Eq. (19) due to the actuator dynamics, it is shown in the discussion of results that a robust controller design can be developed without velocity feedback.
Discussion of Results
Different controller design strategies are implemented on two different models, including a steel beam and a simulated solar panel. For each case the approach taken is as follows. First, a reduced-order model is obtained using the first three bending modes of a cantilever beam and a rigid body mode identified as the root angle. Second, this model is used in the evaluation of the control law (gains in the feedback loop) as previously shown in Eq. (43) . Third, to assess the actual performance with real hardware, this control law is implemented in the laboratory using an analog computer.
Amplifiers are used to receive signals from sensors and supply signals for the actuator. The output of the potentiometer is amplified by 20, using one channel of the amplifier. The amplifer gain is set to 100 for all three strain gages. An EA1 2000 analog computer is used. to combine amplified signals into a feedback control signal. The circuit used to provide the feedback control law [Eq. (43)] is shown in Fig. 3 . The amplifier numbers are given for completeness. The input signal for the electric motor from the EA1 2000 analog computer is amplified by 2.7. It is important to note that the units used in the analog computer, called machine units, are onetenth of the actual input and output units. Table 1 shows the electric motor, strain gage, steel beam, and solar panel parameters used in the analytical simulations. Some of the motor parameters are inferred from the motor specification sheets. Others, such as the back-EMF (kb ), viscous drag coefficient c, due to lubrication, and the potentiometer conversion factor cp , are experimentally determined.
The conversion factors cp and c, are expressed in terms of the EA1 2000 machine unit. The viscous drag is estimated to be 4% of the back-EMF term shown in Eq. (18). The back-EMF and the viscous drag are the only two energy-dissipation mechanisms included in the equations of motions. Table 2 shows weighting matrices used in Eq. (27) to compute the control laws, which are shown in Table 3 . Note that the metric unit system has been used to compute the system equation and the control laws for the solar panel experiment. Since the root angle is not strongly coupled with the flexible modes in the state equation, the weighting matrices can be approximately determined by desired closed-loop system eigenvalues using an uncoupled state equation for the root angle. Four cases from the experiment are discussed. They are identified by their approximate slew rate, slew angle, and laboratory model used. The first case, shown in Fig. 4 , is a 45-deg slew in 1.5 s. The model used is the steel beam. The sensor information used to compute the control signal is across the top of Fig. 4 , while the response output is indicated vertically. For example, the first column shows the measured angle, root strain, and control torque when feeding back only the angle information. The second column shows the measured angle, root strain, and control torque for the same maneuver using both angle and root strain feedback. The vertical axis is in volts, which can be converted to physical units using the conversion factors in Table 1 .
If no strain information is used, the 45-deg maneuver can be achieved with no overshoot in the root angle but with a lot of beam residual motion as shown by the strain output. The beam kinetic energy after reaching the specified angle does not overcome the mechanical advantage of the gear train. In other When the root strain is used, along with the angle information, some overshoot is observed in the second column of Fig.  4 , but the residual motion is substantially reduced. Furthermore, when all three strains are used, the maximum peak strain is reduced slightly more. The addition of the root strain feedback in the control law proves to be a very effective factor for reducing residual vibration. It is easy to explain by considering that the first bending mode is excited the most and that the highest strain for that mode occurs at the root. The control law and gain coefficients are shown in Table 3 . Velocity feedback gains are neglected since they are relatively small. This is contributed by the significant damping term [Eq. steel beam in Fig. 4 . This is because the solar panel kinetic energy after the maneuver is completed is able to overcome the mechanical advantage of the gear train. Moreover, the control torque appears to be a square signal. This is due to backlash in the gear train, which allows the panel to oscillate about a nominal position, with no apparent change in the root angle orientation. This is a nonlinear effect that was not accounted for in the analytical simulations. The addition of strain feedback improves the closed-loop transient response and produces a less irregular control signal. The control gains for this case also appear in Table 3 . 
Control Torque
Using the analytical model, the control gains can be manipulated to approximate a critically damped system. The third case shown in Fig. 6 presents the implementation of this control law for the solar panel. The slew rate is 30 deg in 4.5 s. The rate has to be decreased because no solution exists that will produce a faster slew rate and still approximate a critically damped system. Some overshoot is still observed because of model and actuator uncertainties, but nevertheless the overall closed-loop response is improved over any of the other cases shown. Further reduction of the peak strain is obtained when . . strain information is also used. The gain settings are shown in Table 3 . The last case shown in Fig. 7 is the implementation of torque shaping for a 30-deg slew in a 3 5 s time period. The control gains are the same as those used in case 2 with the addition of a torque shaping constant. The torque shaping is accomplished by augmenting the system states [Eq. (28)] to include the control torque e, and penalizing the derivative of the torque in the cost function [Eq. (27) ]. The reader is directed to Refs. 7-8 for more information. The torque shaping constant is defined as the gain coefficient for the state e, shown in the closed-loop torque state equation, which, in this case, is a first-order differential equation. Torque shaping acts essentially as a low-pass filter reducing any high-frequency component that might result from the feedback information. The performance of the system with torque shaping is tremendously improved over case 2. Because of a smoother control signal, very small residual vibration is observed at the end of the maneuver. The inclusion of strain information produced a slight reduction in the peak strain but is not very significant. Note that by adding the torque shaping, a faster slew rate is achieved than in the critically damped case, with similar performance. This is considered to be a very promising technique for control implementation with a very small increment in control hardware.
--
A comparison of the analytically predicted closed-loop eigenvalues of the steel beam with experimentally determined eigenvalues is shown in Table 4 . To extract the modal information from the laboratory data, an eigensystem realization algorithm20*21 is used. The upper half of Table 4 shows the frequency and damping values when using angle feedback only. Since the upper part of the coupling terms between the flexible modes and the root angle was removed from the analytical model, the predicted damping is zero. However, the experimental results show 2% modal damping in the first mode and 1 'Yo damping in the second mode due to air drag. No identification of the third mode is possible because of its low contribution. It is recognized that damping estimation from experimental data with air drag effect is sometimes a very difficult problem. The results presented herein are average values for different identification trials. The first bending mode frequency is about 10% higher than the theoretical value. This is attributed to slack in the clamp fixture and motor backlash in the laboratory model which result in a slightly different boundary condition. The lower half of Table 4 shows the results using all three strain feedbacks in addition to the angle. The analytically predicted frequencies are again within 10% of the experimental frequencies. The predicted modal damping for the first mode is considerably lower than the experimental value. This is because of air damping, model uncertainties, and motor/gear-train backlash (nonlinearities), which serve as energy dissipation devices that are not modeled. Table 5 shows a comparison of the solar panel experiment results with the analytical simulations for the cases shown in Fig. 5 . The upper half contains the results using only angle feedback without torque shaping. Note that because of the inclusion of coupling terms, the predicted damping values are greater than zero in contrast to the steel beam. A physical interpretation is that when these terms are included, the bending energy is transferred to the motor, where all the energy dissipation takes place. The bottom part of Table 5 shows the results using all strains as well as angle feedback. The first identified frequency is lower than the predicted one (due to the clamp fixture). The identified damping for the first bending mode is about 15 times the predicted values. This is expected because of the large panel area, which receives significant air drag.
All the results presen_ted thus far are related only to the constant stability matrix A , which is derived from the constant gain feedback shown in the control torque equation (33). To satisfy the specified terminal states precisely, the time-varying gain feedback is required theoretically in addition to the constant feedback. However, as discussed earlier, when the slewing time is longer than the time constant of the strongly excited modes in the stability matrix, the time-varying feedback becomes negligible in practical cases. To prove this theoretical observation, a time-varying gain has been generated from a computer simulation using Eqs. (40), (41), and (43). It has been shown, from the simulation for slewing the steel beam with the same slew rate as before, that the additional timevarying feedback does not significantly improve performance. When a faster slew is performed using the same stability matrix, it is necessary to use the time-varying feedback to meet the requirement. From very limited experimental results in controlling the vibrational motion of flexible structures, the additional time-varying feedback seems more sensitive to the system uncertainty than the constant feedback alone. It appears that relying more on the constant feedback than on the time-varying feedback is likely to produce a more robust controller for the terminal control problem. This issue requires more research on both theoretical and experimental bases for structures as well as controls, including parameter estimation22 to help identify the sources of uncertainties.
Concluding Remarks
A slewing control for flexible structures has been experimentally demonstrated. The controller successfully performed a large-angle maneuver and simultaneously damped out flexible modes at the end of the maneuver. An optimal terminal control law was used to compute the feedback gains. Several different controller designs were evaluated and discussed in detail in terms of time responses and modal parameters. Satisfactory agreement was achieved between experimental measurements and theoretical predictions. The nonlinear effects due to large bending deflection during actual slewing maneuvers did not cause significant changes in predicted. characteristics of the control laws, which were designed using linear control theory.
However, the time to damp flexible motion was less than predicted in simulation because the design model did not take air drag into account. The difference may be dramatic, particularly for large initial displacement with high velocities. Research should be done to assess the effects of air drag on slewing control experiments for flexible structures.
To minimize the excitation of flexible modes, a low-pass filter was used to shape the control torque input. Torque shaping wasgroved to be beneficial for fast slewing maneuvers. Because of a smooth control signal, the system nonlinear effects were minimized, and thus the system performance was considerably improved.
The electric motor and strain gages appear to be effective and inexpensive hardware for controller implementation. The back-EMF of the electric motor provided significant motor damping. Through the feedback of root angle and root strain information, the motor damping is actively and adequately distributed to the system. Therefore, the electric motor with high back-EMF not only helps develop a robust controller but also minimizes the need of velocity feedback of vibrational motion. However, it is difficult to characterize the electric motor to measure accurately the back-EMF value.
